We show that, if P =NP, there is a constant c 0 > 1 such that there is no c 0 -approximation algorithm for the crossing number, even when restricted to 3-regular graphs.
Preliminaries
Edge weights. Our construction will be easier to describe if we work with weighted edges. The weights will always be positive integers. Assume that G is an edge-weighted graph where the weight of each edge e is denoted by w e ∈ N. The intuition is that w e tells how many parallel edges are represented by e. The crossing number of a drawing for such edge-weighted graph is defined by taking the sum of w e · w e , over all crossings ({e, e }, p) of the drawing. Again, the crossing number of such edge-weighted graph is defined as the minimum of the crossing numbers over all drawings.
Let G be an edge-weighted graph. We can construct an unweighted graph φ(G) from G by replacing each edge uv ∈ E(G) with a family P uv of w e parallel paths of length 2 that connect u to v. It is easy to see that cr(G) = cr(φ(G)). Indeed, any drawing D G of G gives rise to a drawing D φ(G) of φ(G) with cr(D φ(G) ) = cr(D G ) by drawing each family P e within a small neighborhood of D G (e). On the other hand, any drawing D φ(G) of φ(G) can be used to construct a drawing D G of G with cr(D G ) ≤ cr(D φ(G) ) by drawing each edge e ∈ E(G) along the path of P e that participates in fewer crossings.
When the weights w e ∈ N, e ∈ E(G), are all bounded by a polynomial in |V (G)|, then the graph φ(G) can be constructed from G in polynomial time.
Rotation systems. A rotation system in a graph G is a list π = (π v ) v∈V (G) , where each π v is a cyclic ordering of the edges of G incident to v. A drawing D of a graph G agrees with the rotation system π if, for each vertex v ∈ V (G), the clockwise ordering around D(v) of the drawings of the edges incident to v is the same as the cyclic ordering π v . For a graph G and a rotation system π in G, we define cr(G, π) as the minimum of the crossing numbers over all drawings of G that agree with π. This concept can easily be extended to edge-weighted graphs.
If G is an edge-weighted graph and π is a rotation system in G, we can define a rotation system φ π (G, π) in φ(G): for each edge uv ∈ E(G), we replace in π u the edge uv by the edges of P uv incident to u in such a way that the cyclic ordering of the paths in P uv are opposite at u and v. This implies that the paths of P uv can be drawn without crossings among themselves. The same argument that was used above shows that cr(G, π) = cr(φ(G), φ π (G, π)). The rotation φ π (G, π) can be computed in polynomial time provided that the edge-weights of G are bounded by a polynomial in |V (G)|.
A combinatorial embedding of a graph G is a rotation system π such that some embedding D of G agrees with π. Whitney's theorem states that a 3-connected, planar graph has a unique combinatorial embedding [9, Chapter 4] .
Consider any graph G and any rotation system π in G. In an optimal drawing of G that agrees with π, each pair of edges participates in at most one crossing. Indeed, if the edges e and e would participate in two crossings ({e, e }, p) and ({e, e }, p ), we could obtain another drawing with fewer crossings: we exchange the portions of D(e) and D(e ) between p and p and then perturb the drawing around p and p slightly to avoid the intersection. In particular, for any rotation system π of the complete graph K t we have cr(K t , π) ≤ t 4 .
Multiway cut. Our reduction will be from the following optimization problem about connectivity:
MultiwayCut.
Instance: A pair (G, T ) where G is a connected graph and T ⊂ V (G). Feasible solutions: Sets of edges F ⊆ E(G) such that, for each distinct t, t ∈ T , there is no path in G − F connecting t to t . Measure: Cardinality of F . Goal: Minimization.
The set T is the set of terminals. Dahlhaus et al. [8] proved that MultiwayCut is MAX SNP-hard even when restricted to instances with 3 terminals 1 . This implies that there is a constant c M > 1 such that there is no c M -approximation algorithm for MultiwayCut with 3 terminals, unless P =NP. (In particular the problem is APX-hard for 3 terminals; see [2] .) We will only use instances (G, T ) of MultiwayCut with |T | = 3. We denote by mwc(G, T ) the size of an optimal solution for (G, T ).
Notation. We use [3] = {1, 2, 3} and, for the rest of the paper, the indices depending on i are always taken modulo 3. 
From Multiway Cut to Crossing Number
Let A be the graph defined by
The graph A is shown in Figure 1 , where it is clear that A is planar. Furthermore, it is a subdivision of a 3-connected graph, and thus it has a unique combinatorial embedding.
Consider any instance (G, T ) to MultiwayCut with |T | = 3. We will use n = |V (G)| and n 2 as a rough upper bound to |E(G)|. We construct an edge-weighted graph H = H(G, T ) as follows:
(i) Construct A and assign weight n 5 to its edges.
(ii) Construct the graph H = G ∪ A, where the edges of G have weight 1.
(iii) We identify each vertex of T with a distinct vertex
, identify x i and t i . This finishes the construction of H. See Figure 2 for an example. Let π be any rotation system for H such that:
• the restriction of π to A is the unique combinatorial embedding of A.
• for each i ∈ [3], the edges x i a i−1 and x i a i+1 are consecutive in the cyclic ordering π x i . That is, any edge of H − E(A) incident to x i is between x i a i+1 and x i a i−1 in the rotation system π x i .
In the next two lemmata we obtain bounds relating cr(H) and cr(H, π) to mwc(G, T ). Our bounds are not tight, but this does not affect our eventual results. Proof. Let F be an optimal solution to MultiwayCut for (G, T ). Thus we have |F | = mwc(G, T ). For each i ∈ [3] , let G i be the connected component of G − F that contains x i . By the optimality of F , we have G = ∪ i∈ [3] G i + F . Indeed, if there would be another connected component, any edge of F connecting that component to any other connected component could be removed from F and obtain a better solution.
We construct a drawing D of H as follows. Firstly, take an embedding A without any crossings; such embedding is shown in Figure 1 . Then, for each i ∈ [3] , draw the component of G i inside the region limited by x i a i−1 a 4 a i+1 x i respecting the rotation system π and with the minimum number of crossings. Finally, draw each edge of F optimally in the current drawing. In such drawing, an edge connecting G i to G j will be drawn crossing the edge a 4 a k , where k = i, j. See Figure 3 for a sketch. Let D be the resulting drawing.
We now bound the number of crossings in the drawing D. The restriction D(A) has no crossings by construction. For each i ∈ [3] , the restriction D(G i ) has at most |V (G i )| 4 crossings because, as mentioned in Section 2, for any rotation system π of the complete graph K t we have cr(K t , π ) ≤ t 4 . Each single edge of F can be drawn with n 5 + 2n 2 crossings. Indeed, if v i v j ∈ F connects G i to G j and we denote by k the element of [3] \ {i, j}, there is an arc from v i to any point on D(a 4 a k ) that crosses at most |E(G i )| + |F | edges, and there is an arc connecting any point in D(a 4 a k ) to v j with at most |E(G j )| + |F | crossings. The described drawing of v i v j has, using a very rough estimate,
crossings. We conclude that
The following result is independent of rotation systems.
Lemma 2. From any drawing D of H we can obtain in polynomial time a feasible solution F to MultiwayCut(G, T ) such that |F | ≤ cr(D)/n 5 . In particular, the cycle C i separates x i = t i from x j = t j , whenever i = j. Define the set of edges
Note that F can be computed in polynomial time from D. Since each edge of F crosses (at least once) some edge of A, we have
Furthermore, F is a feasible solution to MultiwayCut for (G, T ) because, for each path P in G that connects t i to t j , i = j, the drawing D(P ) has to cross the cycle D(C i ) and thus P has an edge in F . The bound n 5 · mwc(G, T ) ≤ cr(H) is obtained by considering an optimal drawing D * of H. Such drawing D * gives a feasible solution F that satisfies
The result follows.
We next explain how to construct a cubic graphH =H(G, T ) such that
The idea is a straightforward adaptation of the technique used by Pelsmajer et al. [16] ; we include the details for the sake of completeness.
In a first step, we construct the unweighted graph H = φ(H) and the rotation system π = φ π (H(G, T ), π) in H , as described in Section 2. It holds that cr(H ) = cr(H) and cr(H , π ) = cr(H, π).
In a second step, we replace each vertex v ∈ H by a cubic grid C v of width deg H (v) and height 4n 7 ; see to the degree-two consecutive vertices of the cubic grid C v that are on the higher row. Finally, we make the graph cubic by removing vertices of degree 1 and contracting some edges incident to vertices of degree 2. This finishes the construction ofH =H(G, T ). Note that the construction ofH can be made in polynomial time because the weight of each edge of H is bounded by n 5 .
Lemma 3. We have
Furthermore, from any drawingD ofH we can obtain in polynomial time a feasible solution F to MultiwayCut(G, T ) such that |F | ≤ cr(D)/n 5 .
Proof. It is clear that any drawing D of H with rotation system π can be converted into a drawing ofH by a local replacement around D (v), for each v ∈ V (H ), without introducing additional crossings. Therefore
because of Lemma 1. To see the other inequality, consider an optimal drawingD ofH. The first part of the proof implies that cr(D) < 4n 7 . Therefore in each cubic grid C v , v ∈ V (H ), there is at least one horizontal row, let's call it R v , that does not participate in any crossing ofD. For each vertex v ∈ V (H ), there are deg
, connecting the endvertex of e v i to a vertex of R v . We contract the row R v to a point and remove from the drawing all the edges of C v , but those participating in the paths P v 1 , . . . , P v deg H (v) . Repeating this for each vertex v ∈ V (H ) we obtain a drawing D of a subdivision of H with at most cr(D) crossings. This implies that cr(H) = cr(H ) ≤ cr(D) = cr(H). By Lemma 2 it follows that
To obtain from a drawingD ofH a feasible solution F with |F | ≤ cr(D)/n 5 , we proceed as follows. If cr(D) ≥ n 7 , we just return F = E(G). Otherwise we construct the drawing D of H fromD, as described above. As discussed in Section 2, from the drawing D of H = φ(H) we can obtain a drawing D of H with cr(D) ≤ cr(D ). Finally, from the drawing D of H we can use Lemma 2 to extract a feasible solution F to MultiwayCut(G, T ) such that
Since all the steps can be carried out in polynomial time, the result follows.
Theorem 4.
There is a constant c 0 > 1 such that, if P =NP, there is no c 0 -approximation algorithm for CrossingNumber, even when restricted to cubic graphs.
Proof. Let c M > 1 be a constant such that it is NP-hard to compute a c M -approximation to MultiwayCut when |T | = 3. (See the discussion in Section 2.) Take c 0 = c M − ε for an arbitrary constant ε with 0 < ε < c M − 1. We will see that it is NP-hard finding a c 0 -approximation to CrossingNumber in cubic graphs. Assume, for the sake of contradiction, that there is an c 0 -approximation algorithm for CrossingNumber in cubic graphs. We can then obtain a c M -approximation to MultiwayCut(G, T ) in polynomial time, as follows. Let n = |V (G)|. If n is smaller than 3c 0 /ε, which is a constant, we run any brute force algorithm. Otherwise, we construct in polynomial time the cubic graphH =H(G, T ), as described above, use the c 0 -approximation algorithm to compute a drawingD ofH with cr(D) ≤ c 0 · cr(H), use Lemma 3 to find a feasible solution F to MultiwayCut(G, T ), and return F . We next argue that this algorithm is a c M -approximation algorithm for MultiwayCut.
Because of Lemma 3, F is a feasible solution with |F | ≤ cr(D)/n 5 . On the other hand, cr(D) ≤ c 0 · cr(H) because D is a c 0 -approximation to cr(H). Using Lemma 3 we obtain
Thus, returning F we obtain a c M -approximation to mwc(G, T ), which is not possible unless P =NP.
Bokal et al. [3] introduced the concept of minor crossing number. Hliněný [12] noted that for cubic graphs the crossing number and the minor crossing number have the same value. We thus obtain the following.
Corollary 5.
There is a constant c 0 > 1 such that, if P =NP, there is no c 0 -approximation algorithm for the minor crossing number.
Conclusions
Since there are constant-factor approximation algorithms for MultiwayCut, a more careful reduction from MultiwayCut will not bring us beyond hardness of constantfactor approximations. Nevertheless, it seems hard to believe that there is an O(1)-approximation algorithm for CrossingNumber. As mentioned in the introduction, the currently best approximation factor is roughly O(n 9/10 ).
A natural approach to improve the inapproximability result would be to reduce from a problem that is known to be harder. The problems 0-extension and MetricLabeling are generalizations of MultiwayCut and stronger inapproximability results are known [7, 13, 15] . However, we have not been able to obtain fruitful reductions from those problems to CrossingNumber.
It remains a tantalizing open problem whether CrossingNumber can be solved in polynomial time for graphs with bounded treewidth. An obstacle is that we do not know whether LinearArrangement is NP-hard for graphs of bounded treewidth. If that would be the case, then the reduction of Garey and Johnson [10] increases the treewidth by a constant. On the other hand, MultiwayCut is solvable in polynomial-time for graphs of bounded treewidth: Chopra and Rao [5] discuss treewidth 2 and Dahlhaus et al. [8] note that it works for any bounded treewidth. Thus, the approach of this paper cannot lead to an NP-hardness proof of CrossingNumber for graphs of bounded treewidth.
